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1 Upper estimate in R", n > 3

1.1 Introduction and statement

Given a non-negative L}, function V (z) on R", consider the Schrodinger

type operator
Hy=-A-V

where A = >0 | 88—;% is the classical Laplace operator. More precisely,
Hy is defined as a form sum of —A and —V, so that, under certain
assumptions about V', the operator Hy is self-adjoint in L? (R™).

Denote by Neg ( Hy/) the number of negative eigenvalues of Hy (counted
with multiplicity), assuming that its spectrum in (—o0, 0) is discrete. For
example, the latter is the case when V (z) — 0 as © — oo. We are are
interested in obtaining estimates of Neg ( Hy/) in terms of the potential
V.

Suppose that —V is an attractive potential field in quantum mechan-
ics. Then Hy is the Hamiltonian of a particle that moves in this field,
and the negative eigenvalues of Hy correspond to so called bound states
of the particle, that is, the negative energy levels FE) that are inside a



potential well.

V(%)

h e/
Vs

Hence, Neg (Hy ) determines the number of bound states of the sys-
tem. In particular, if —V is the potential field of an electron in an atom,
then Neg (Hy ) is the maximal number of possible electron orbits in the
atom.

Estimates of Neg (Hy ), especially upper bounds, are of paramount
importance for quantum mechanics.




We start with a famous theorem of Cwikel-Lieb-Rozenblum.

Theorem 1.1 Assume n > 3 and V. € L™?(R"). Then Hy can be
defined as a self-adjoint operator, its negative spectrum is discrete, and
the following estimate s true

Neg (Hy) < C, / V (2)"? dz. (1.1)

n

This estimate was proved independently by the above named authors
in 1972-1977. Later Lieb used (1.1) to prove the stability of the matter
in the framework of quantum mechanics.

The estimate (1.1) implies that, for a large parameter «,

Neg (aV) = O (a"?) as a — o0. (1.2)

This is a so called semi-classical asymptotic (that corresponds to letting
h — 0), and it is expected from another consideration that Neg (aV')
should behave as a2, at least for a reasonable class of potentials.



1.2 Counting function

Before the proof of Theorem 1.1, let us give an exact definition of the
operator Hy and its counting function. Given a potential V' in R", that
is, a non-negative function from Lj,, (R"), define the bilinear energy form
by

& (f.9)= | Vf Vgde - / V fgda

Rn n

for all f,g € D = C(R"), and the corresponding quadratic form
Ev (f) =& (f,f)

For any open set 2 C R", we consider a restriction of &, to Dq :=
Cs° (Q) . The form (Ey, Dq) is called closable in L? (Q) if

1. it is semi-bounded below, that is, for some constant K > 0,

Ev (f) > —K | fl5 forall f € Do;

2. and, for any sequence {f,} C Dq,

[fallo = 0 and Ev (fn — fm) = 0 = &v (f) — 0.



A closable form (v, Dg) has a unique extension to a subspace Fygq
of L? (Q) so that Fy.q is a Hilbert space with respect to the inner product

(that is, (v, Fy.a) is closed) and Dy, is dense in Fyq.

Being a closed form, (v, Fyq) has the generator Hy g that can be
defined as an (unbounded) operator in L? (£2) with a maximal possible
domain dom (Hy ) C Fy.q such that

gv(f, g) = (HV’Qf, g) Vf e dOHl(HV’Q) and g € fV,Q. (14)

Then Hy g is a self-adjoint operator in L* () .
For example, for f,g € Dg we have

& (f,g) = /Q V- Vgds - /Q V fgdz = /Q (—Af - V) gda

so that
Hyof =-Af-Vf.



Since the operator Hy g is self-adjoint, the spectrum of Hy g is real
and semi-bounded below. The counting function Ny of Hygq is defined
by

./\/’>\ (HV@) = dim Im 1(_007)\) (Hvﬂ) ; (1.5)

where 1(_o ) (Hy) is the spectral projector of Hy of the interval
(—o0, A). For example, if the spectrum of Hy g is discrete and {p;}
is an orthonormal basis of eigenfunctions with eigenvalues {A;} then
1o (Hy,n) is the projection on the subspace of L? (2) spanned by all
¢ with A, < A. It follows that N, (Hy,q) is the number of eigenvalues
Ar < A counted with multiplicity. The definition (1.5) has advantage
that it always makes sense.

Lemma 1.2 The following identity is true for all real \:

Ny (Hyo) =sup {dimV : V < Dq and & (f) < A||fll; Vf e V\{0}},

(1.6)
where V < Dq means that V is a subspace of Dq. In fact, it suffices to
restrict sup to finite dimensional subspaces V.



For example, if the spectrum of Hyq is discrete and {¢,} is an or-
thonormal basis of eigenfunctions with eigenvalues {\x} then the condi-
tion &y (f) < M| f||5 is satisfied exactly for f = ¢, provided Ay < A,
because

Ev (pr) = (Hva0r, 0r) = Mk (0r, 01) < A HS%Hg

The optimal space V in (1.7) is spanned by all {¢,} with Ay < A, and its
dimension is equal to Ny (Hyq) .
There is also a version of counting function with non-strict inequality:

N;\k (HV’Q) = dim Im 1(_00’)\] (H‘/’Q) o
Then the following identity is true:

NY (Hygq) =sup{dimV :V < Fyq and &y [f] < A\u[f] VfeV}.
(1.7)



1.3 Reduction to operator %A

For the sake of proof of Theorem 1.1, we will assume that V' > 0 and,

moreover, = € L, (R™). Then by approximation argument one can han-

dle a general case. Set Hy = Hyr». Our aim is to prove the upper bound

Ny (Hy) < Cy / V™ 2dg

n

for the number Ny (Hy ) of negative eigenvalues. By an approximation
argument the same estimate will hold for the number N (Hy) of non-

positive eigenvalues.
For A\ = 0 the identity (1.6) becomes

No(Hyg) =sup{dimV :V < Dg and &y (f) <0Vf e V\{0}}. (1.8)

The condition &y (f) < 0 here is equivalent to

/|Vf\2d:c—/v*f2dx<o (1.9)
Q Q

for all non-zero f € V where V is a subspace of Dg,.

8



We will interpret this inequality in terms of the counting function of
another operator. Consider a new measure y defined by

du =V (z)dx

and the energy form

E(f)= | IVfFde
R’I’L
for f € Dg. Then (1.9) can be rewritten in the form & (f) < Hng“ SO
that

No (Hyg) = sup {dimV: V < Dy and £ (f) < [Ifl13,, ¥f € V\ {0}}.

(1.10)
The right hand side here is the counting function of another operator.
Indeed, denoted by Ly the generator of the energy form (&€,Dgq) in
L?(Q, p). This form can be shown to be closable, so that its generator
Ly is a self-adjoint operator in L? (2, u). Note also that this operator
is positive definite because so is £.
By definition, we have, for all f, g € dom (Ly.q),

E(f,9) = (Lval.9),-

9



In particular, for f, g € Dgq this implies

_/S)(Af)gdil?:/QVf'Vg dx:/Q(/;MQf)ngx’

whence Ly of = —%Af that is, Ly g = —%A.
The counting function N, (Ly.q) of the operator Ly is defined ex-
actly as for Hy . Lemma 1.2 for this operator means that

Ny (Lva) = sup {dimV .V <Dg and £ (f) < A|IfI2, VfeV\ {0}}

(1.11)
For A\ = 1 the right hand side of (1.11) coincides with that of (1.10),
which implies

No (Hya) =M (Lyvg) . (1.12)

In particular, for the case Q = R", we have Ny (Hy) = N7 (Ly). The
identity (1.12) is called Birman-Schwinger principle.

Informally the identity (1.12) reflects the equivalence of the inequal-
ities —A —V < 0 and —%A < 1 that are understood in the sense of
quadratic forms.
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1.4 Case of small V

Here we illustrate the usage of (1.12) by proving a particular case of
Theorem 1.1 as follows.

Proposition 1.3 If n > 3 then there is a constant ¢, > 0 such that
/ V2dx < ¢, = Ny (Hy) = 0.

Proof. By (1.12) we need to prove that the spectrum of Ly below 1
is empty, that is,
inf spec Ly > 1.

This is equivalent to the claim that the operator Ly in L* (R", u) is

invertible and
A

The inverse operator is defined by

,C‘_/lf =u < Lyu=/f,

11



where f € L? (R", 1) and u € dom (Ly) . Hence, it suffices to prove that
Lyu=[ = llully, <I[fl,-
Multiplying Lyu = f by u and integrating against u, we obtain
€ (u) = (Lvu,u), = (fiu),

that is,
|Vu\2d;r::/ ufdu.
Rn n

By Sobolev inequality, we have

/ \Vu|* dz > ¢, (/ |u|"2—n2dx) "

Note that this is the only place where n > 2 is used.

12



Using the Holder inequality and the above lines, we obtain

/u2de < ( |u|2nﬁ?dzl;) ' </ nga:>n
n ]:RTL n

< ¢! (/JW\%) (/ v%)i (1.13)
S (L) ([re)
([ (o) (L)

whence

lull < it ([ Vide) " £l

Clearly, if [5, V2 dz small enough then lully,, < Ifll5,,, which was to be
proved. =

The argument in the proof of Proposition 1.3 allows to prove another
part of Theorem 1.1.
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Proposition 1.4 If V € L2 (R") then the form (&, D) is closable.
Consequently, the operator Hy is defined as a self-adjoint operator in
L? (R").

Proof. It follows from the hypothesis that, for any € > 0, V' can be
split to a sum of two potentials V = V; + V5 where

IVill, ), <& and Vo € L™

It follows from (1.13) that

—2/n
E(u) >cy (/ Vln/2da:> / wVidr > Cn€_1/ w?Vidz.

Choosing ¢ sufficiently small, we obtain c¢,e~* > 2 whence

/uQde = /U2V1d:€+/ u?Vodx

1
< 55 (u)+KHuH§, (1.14)

14



where K = ||V5]|;~ . In particular, we see that
Ev (u) =& (u) — / w?Vdr > —K |Jul;

so that the form &y is semi-bounded below. By a standard result from
the theory of quadratic forms, (1.14) implies that the form & is closed
in the domain W12 (R"), which finishes the proof. m
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1.5 Proof of Theorem 1.1 in general case

The proof below is due to Li and Yau ’83 but it is presented here from
somewhat different angle.

In a precompact domain €2 the operator Ly has discrete positive
spectrum. Denote its eigenvalues by Ag (£2), where & = 1,2, ..., so that
the sequence {\; (2)} is increasing, and each eigenvalue is counted with
multiplicity. The main part of the proof of Theorem 1.1 is contained in
the following statement.

Theorem 1.5 (AG, Yau 2003) Assume that there is a Radon measure
v in R™ and o > 0 such that, for all precompact open sets €,
AM(Q)>v (). (1.15)

Then, for any positive integer k and any precompact open set €2,

A (Q) > ¢ (V(]“Q))a, (1.16)

where ¢ = ¢ (a)) > 0.

16



For example, if V' =1 then Ly g is the Laplace operator —A with the
Dirichlet boundary condition on 0f2. The hypothesis (1.15) is satisfies if
v is a multiple of the Lebesgue measure as by the Faber-Krahn inequality

A (Q) > ¢, (vol Q)™

A 2/n
Q) >
A () 2 ¢ (VO]Q) ’

that is also known to be true. Moreover, it matches the Weyl’s asymptotic

formula A, (2) ~ ¢, (%)Z/n as k — oo.

The point of Theorem 1.5 is that V' in the definition of Ly can
be arbitrary and measure v can be arbitrary. By the way, there is no
restriction of the dimension n in Theorem 1.5. Moreover, exactly in this
form it is true on any Riemannian manifold instead of R".

Let us show how Theorem 1.5 implies Theorem 1.1. Let us use the

variational principle:

Then (1.16) becomes

Lyou,u
A (Q) = inf Evam)y o E()
u€Dg (’LL, U)'u u€Dg (u, U)M

17



Using again the Sobolev inequality

=2

/ Vul|® dz > ¢, </ |u|% dx) ’
Q Q

and the Holder inequality

n—2

(u,u)u:/ug‘/dxg (/ \u\"Q—n?dx> n </ V”/de>n,
Q Q Q

we obtain ,
(u7 u)u Q

Hence, setting dv = ¢, "2yn/2qg and minimizing in u, we obtain

A (Q) > v (Q)7".

By Theorem 1.5, we conclude that

M ()2 ¢ (fm)/

18
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We need to estimate the counting function
M (Lva) =#{k: M (Q) <1},
By (1.17), Ak (2) < 1 implies k < Cv (£2) whence also

N1 (LV,Q) S Cl/ (Q) = C/ Vn/zdx.

Q
It follows by (1.12) that also

No (Hyg) < 0/ VM2dr < C | Vda. (1.18)
Q

RTL

We are left to pass from Hy.q to Hygn. Recall that
No (HV,R”) = sup {d1mV :V < Dgn, &y (f) <0VfeV \ {0}},

where V is a finite-dimensional subspace of Dg~. For any such ) there
exists a precompact open set §) containing supp f for all f € V (for it
suffices to have supp f C V for the elements of a basis of V). Hence,
V < Dq and by (1.18) dimV < C fRn V™2dz, whence the same estimate
for No (Hygn) follows. W
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Brief summary

We prove the following theorem.

Theorem 1.1. IfV is a non-negative potential in R™ with n > 3 then
for the operator Hy = —A -V,

N (Hy) < Cn/ V (z)"? da. (1.1)

n

This was reduced to the following theorem.

Theorem 1.5. For any bounded domain Q2 C R™, denote by A\ (2) the
k-th eigenvalue of the operator Ly.q = —%A (with the Dirichlet boundary
condition on 0S)). Assume that there is a Radon measure v in R™ and
a > 0 such that, for all bounded domains €2,

A(Q) > v (Q)7°. (1.15)

Then, for any positive integer k and any precompact open set €2,

vize( Y "

where ¢ = ¢ (a)) > 0.

20



1.6 Nash inequality
For the proof of Theorem 1.5 we need a Nash type inequality.

Lemma 1.6 Assume that (1.15) holds, that is, for all precompact open

sets €,
A(Q2) > v(Q)~.

Then, for all such €2 and non-negative f € Dq,

£ (/) 2c< / fzdu>1+a ( [ an [ de>_a, (1.19)

where ¢ = 2721,

Remark. If V =1 then both p and v are Lebesgue measures, o = 2/n,
and (1.19) becomes

ECH) = I A",

which is a classical Nash inequality.

21



Proof. Fix s > 0 and observe that

E((f=9) ) <€) (1.20)

Set
Qy ={reQ: f(x) > s}

and note that supp (f —s), C Q, C Q.

A

2



It follows from the variational property of A;(€2s) and from (1.20),
that

/Q(f — )3 du= /Q (f —s)%dp < ¢ (i{(gzj))*) < fl<(£z). (1.21)

Since

v (@) < %/Qfdv

we obtain by hypothesis

- (198) < V()% < 5O (/Q fdu)a.

Substituting into (1.21) and using
2 2
f_25f§(f_s)+7

/szdu—%‘/gfdu <s7“ (/Q fdz/>a5(f). (1.22)

23

we obtain



Let us choose s from the condition

1 2
2S/Qfd,u-§/ﬂfd,u.
With this s we obtain
1 [ 1f9f2dﬂ>_a< >O‘
Q/Qfdu§<4f9fdu [ sav) e

([ ran) T ¢ g () ([ o) e,

and (1.19) follows. =

whence
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1.7 Proof of Theorem 1.5

In the proof we work with the heat semigroup {Pt}tzo of the operator

Ly q, that is defined by
PtQ = g tve,

Since Ly g is a self-adjoint non-negative definite operator in L? (2, i), the
operator P is bounded self-adjoint operator in L?(Q, ) for any ¢ > 0.
In fact, it is an integral operator:

PR (x) = / 22 @,9) £ (4) d (0)

where pS’ (z,y) is the heat kernel of Ly.q. We will use the following general
properties of the heat kernel:

1. positivity: p; (z,y) > 0;
2. the symmetry: p;’ (,y) = p;’ (y,2);

3. the semigroup identity

/ﬂ p® (2, 2) p (2, ) dis (2) = B2, (2, )

25



4. the total mass inequality:
[ @) du) <1
Q

The last step before the proof of Theorem 1.5 is the following lemma.

Lemma 1.7 If (1.15) holds, that is, A1 (2) > v (Q)™°, then, for any
precompact open set €2,

/ pe (@, ) dp () < C;/(iz). (1.23)
Q

where C' = C («).
Proof. Fix s > 0, x € () and consider a function

and set u; = P f, that is,
e (y) = / P® (. 2) £ (2) dp () = B, (2,1)

26



Then we have

/Qu%d:u - /Qp?—l—s(xa y)p?—i—s (y7 'T) d:u(y) - pg(t—l—s) (.T, ZL’) :

On the other hand, by the Nash inequality we have

/ufd,u < (/ utd,u/ utdu> " [CE (ut)]#l
Q 0 Q

Using
/utdu=/p?+s (2, y) dp (y) <1, (1.24)
Q Q
and
d 1d
& (Ut) = (EV,QUt,Ut) = — <_Utaut) = —5 (Utaut)
H dt " 2 dt ®
we obtain



Recall that u; depends in fact on x. Setting

() o= / wdp = 12, o (,2),

rewrite the previous inequality in the form

ST [ O] e
< il B .
v () < (/Q utdu) [ > at] (1.25)

Integrating (1.25) against du(x) and using the Holder inequality

froasa | fou]* [fo]
we obtain
et C Oy | >HT
/vt (x)dp(x) < /[/utdyl [—58—;] du(z)
Q A\ g . g




Observe that (1.24) implies

//ut(x,-)dyd,u(:c) =/(/ut(aj, -)dw)) dv < /Qdu:u(Q).

(1.26)
Denoting
wt)i= [ 0@ @ = [ o (@.0) (@),
we obtain from above
o [ Cdw)&t
t) <v(Q)etst [ ——— : 1.27
w(t) < v (- 27) (127
Solving this differential inequality by separation of variables, we obtain
C'v ()
w(t) < e

C'v (9)
tl/e

Finally, choosing s = t we obtain / e (x,2) p(z) < , which was
Q

to be proved. m
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Proof of Theorem 1.5. We need to show that

() 2 ((ksn)

Note that
/p? (z,7) du (z) = trace P
Q

On the other hand, all the eigenvalues of P{? are equal to e () whence

(e.9]

trace P! = Z ek,
k=1

Hence, applying (1.23), we obtain
ie—ﬂk(g) < Cv ()
=t — tl/a ’

Restricting the summation to the first k terms, we obtain

Lotk < Cv ()
- tl/a

30



whence

1. ktl/e
A () > =1
() 2 o 7
Choosing t from the condition
ktl/a
= 6,
Cv(Q)
that is,
v ()"
t=|C
()
we obtain

w1 = (o)

which finishes the proof of Theorem 1.5. =
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1.8 Minimal surfaces

Let M be a two-dimensional manifold immersed in R? as an oriented min-
imal surface. The Riemannian metric on M is induced by the Euclidean
structure of R3. Denote by a the Riemannian area on M.

For any function f € C§° (M) and a real parameter e, consider a
deformation of M given by the mapping x +— x+¢f(z)v(z) where v (z) is
the unit normal vector field on M compatible with the orientation. Since
M is a minimal surface, the first variation da(f) of the area functional
vanishes. For the second variation, the following formula is known:

52a(f):/M(\Vf\2+2Kf2)da, (1.28)

where K = K (z) is the Gauss curvature of M at the point x € M (since

M is minimal, K(z) < 0). If 6*a(f) > 0 for all f then the minimal

surface M is called stable. In particular, all area minimizers are stable.
However, in general a minimal surface is not necessarily stable. By

definition, the stability index ind(M ) is the maximal dimension of a linear
subspace V of C$°(M) such that §°a(f) < 0 for any f € V' \ {0}.
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In other words,
ind(M) = Ny (Hy)

where Hy = —A + 2K and A is the Laplace-Beltrami operator on M.
It turns out that for this specific potential V' = —2K the upper bound
of Theorem 1.1 is satisfied.

Theorem 1.8 (AG, Yau 2003) For any immersed oriented minimal sur-
face M in R3, we have

ind(M) < C / K] do, (1.29)

where C 1s an absolute constant.

The proof goes in the same way as the one of Theorem 1.1 using
Theorem 1.5. Using specific properties of Gauss curvature, we prove for
the operator Ly g = —%A in {2 C M the eigenvalue estimate

M () 2 eu ()7,

33



where dp = | K| da. By Theorem 1.5 this implies

and then as in the proof of Theorem 1.1,
No (Hy) < Cp (M)

that is (1.29).
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2 Lower estimates in R?

Here we estimate Ny (Hy ) in R?.

2.1 A counterexample to the upper bound
In the case n = 2, the estimate (1.1) of Theorem 1.1 becomes
No (Hy) < C V (x) dx,
R2
which however is wrong. To see that, consider in R? the potential

1

=——  if lz| >e
oPtfe]

V(z)
and V () = 0 if |z| < e. For this V' we have

/ V (z)dx < oo,
R2
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whereas Neg (Hy ) = co. Indeed, consider the function
f(z) = v/In|z|sin (% Inln |x|>
that satisfies in the region {|z| > e} the differential equation
Af+%V(x)f:0.
For any positive integer k, function f has constant sign in the ring
Q= {JJ cR?: 7k < %lnln\x\ < 7T(/<;—|—1)},
and vanishes on 0€2;. For each function f; = flg, we have

O /Q Ve

= — | fulMfidr — / V fidx
Qp

Qp
1

= ——/ V fEdr < 0.
2 Ja,
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The same inequality holds for linear combination of functions fj since
the intersection of their supports has measure 0.

Hence, the space V = span { fi} has infinite dimension and &y (f) < 0
for all non-zero f € V, which implies Ny (Hy ) = .

In fact, one can show that no upper bound of the form

M (HV)S/ V(x)W (z)dx

R2

can be true, no matter how we choose a weight W ().
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2.2 Lower bound of N, (Hy)

It turns out that in the case n = 2, instead of an upper bound, a lower
bound in (1.1) is true.

Theorem 2.1 (AG, Netrusov, Yau, 2004) For any non-negative poten-
tial V in R?,

No (Hy) > c/ V (z)dx (2.1)

R2
with some absolute constant ¢ > 0.
Let us describe an approach to the proof. Since

No (Hy) =sup{dimV : V < Dgz and &y (f) <0Vf e V\{0}},

it suffices to construct a subspace )V of Dg2 such that &y is negative on

V and
dimV > c/ V (x) dx.
R2

We will construct V as span { f;} where {f;},_, is a sequence of functions
with disjoint compact supports such that &y (fr) < 0. Then &y (f) <

38



0 will be true for any non-zero function f € span{fx}, and dimV =
N. Hence, it suffices to construct a sequence {fi},_, of functions with
compact disjoint supports such that, for any £k =1,..., N,

Vil da < / Vf2de,
R2 R2

and
N > c/ V (z)dx.
R2

Each function f; will be constructed as follows. Fix two reals 0 <
r < R and consider the annulus

A={zeR:r < |z| <R}

and denote by 2A the annulus

1
2A:{xER2:§T<\x\<2R}.
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Consider the following function

1, x €A,

0, T ¢ 2A,
fE=1 Gm2el s <o <,

ﬁln?—ﬂz, R <|z| < 2R.

f=1

- >rl2 r R 2R
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This function f is harmonic in each of the four domains, whence we
obtain

R2 Vi de = /{%' |<}|Vf\2dsc+/ IV f|? dx

{R<|z|<2R}
= / fa—fdl+/ fa—fdl
o{5<|z|<r} v O{R<|z|<2R} v

= f'(r)2mr — f' (R)27R

1
= 2mr + 2mR

1
(In2)r (In2) R
47
= — < 20.
In 2
Suppose that we have a sequence of annuli {Ak}fj:l, with different
centers and different radii, but such that the sequence {QAk},ivzl is dis-
joint. Then, defining f for each pair (Ag,2Ax) as above, we obtain a
sequence of functions with disjoint supports and with

IV fi|? d < 20.
R2
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Note that

/Vf,fde/ Vdzx.
R2 Ay

Hence, the condition [, [V fil? dz < Jg2 V f2dz will be satisfied if

/ Vdx > 20.
Ag

Consider again measure p given by dy = Vdr and restate our problem
as follows: construct N annuli {4}, such that

(1) {24,}2, are disjoint,
(13) p(Ag) > 20 for each k,
(i17) and N > cu (R?) .

Of course, if 11 (R?) < 20 then such a sequence cannot be constructed.
In this case we argue differently. Choose some 0 < r < R and consider
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the function

43



For this function

IVf|>de = —f' (r) 277 =

while

/Vdel’Z/ Vdzx.
R2 {lz[<r}

Taking r and £ large enough, we obtain [o, |V f ?dx < Jg2 V f2dz whence
No (Hy) > 1. If p(R?) = [, Vdz is bounded by some constant, say 20,
then we obtain Ny (Hy) > cu (R?) just by taking ¢ small enough.

Hence, in the main part we can assume that u (R?) is large enough.
In this case, the sequence of annuli satisfying (7)-(¢ii) can be always
constructed. In fact, the positive answer is given by the following abstract
theorem.
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Theorem 2.2 Let (X,d) be a metric space and p is a non-atomic Borel
measure on X. Assume that the following properties are satisfied.

1. All metric balls B (z,r) ={y € X : d(x,y) < r} are precompact.

2. There exists a constant M such that, for any ball B (z,r) there is
a family of at most M balls of radii r/2 that cover B (z,1) .

Then there is a constant ¢ = ¢(M) > 0 such that, for any 0 < v <
p (X) there exists at least c@ annuli {Ag} such that

(1) {24} are disjoint
(i) and p(Ag) > v for any k.

Of course, R? satisfies all the hypotheses of Theorem 2.2. Taking
v = 20 we obtain that if u (R?) > 20 then there exists at least ¢'u (IR?)
annuli satisfying (¢) and (#7), which finishes the proof of Theorem 2.1.

We leave Theorem 2.2 without proof, only mentioning that it can be
regarded as a sophisticated version of the ball covering argument. Note
also that annuli in the statement cannot be replaced by balls.
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2.3 Estimates of eigenvalues on S?
Let us show one more application of Theorem 2.2.
Theorem 2.3 Let \g, k= 1,2, ..., be the k-th smallest eigenvalue of the

Laplace-Beltrami operator A on (S?, g) , where g is an arbitrary Rieman-
nian metric on S*. Then, for any k,

k—1
1w (S?)’°

where C' is a uniwwersal constant and v 1s the Riemannian volume of the
metric g.

A < C

(2.2)

In fact, this theorem holds also for any closed Riemann surface, where
the constant C' depends also on the genus of the surface. However, the
general case follows from the estimate for S?.

Note that Ay = 0 so that the case k£ = 1 is trivial. For k = 2 Theorem
2.3 was proved by Hersch in 1970 for the sphere and then for any Riemann
surface by Yang and Yau in 1980. For a general k, Yau stated (2.2) as a
conjecture, which was proved by Korevaar in 1993.
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The main point of (2.2) that the constant C' does not depend on the
Riemannian metric g. The metric enters (2.2) only through the total area
 (S?). This is essentially two-dimensional phenomenon as such estimates
do not hold in higher dimensions.

Let us show how Theorem 2.3 can be obtained from Theorem 2.2.
Consider the counting function for A on (S, g):

Na=#{i>1:)<A}.

Note that A\, < A will follow from N, > k. We will prove that, for all
A >0,
Ny > C 1 (S%) A (2.3)

If (2.3) is already proved, then choosing here \ = Cﬁ, where k > 2,
we obtain Ny > k and, hence,

k k—1
Me < A=C—Fc < 20—,
: 1 (S?) 1 (S?)

which proves (2.2).
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Let us prove (2.3) for any A > 0. The counting function admits
variational characterization

Ny =sup {dimV:V < Dg, £(f) < A||fl; Vf € V\ {0}}

where
_ / VfZdu and |f]2= / Pdu.
S2 S2

Hence, it suffices to construct at least N = C~'u (S?) X functions f with
disjoint supports and with £ (f) < X||f]l5.

If A is small enough, namely, if C~'u (R?)X < 1 then we need to
construct only one function, and it always exists: f = 1. Hence, we can
assume that A > (SQ)

Any metric g on S? is conformally equivalent to the canonical metric
go on S?. Denote by i, the canonical Riemannian measure on S?. Note
that the energy is a conformal invariant:

D= [ 1Vsdu= [ 962, duo.

Let d be the geodesic distance on (S?, gg) . As in R?, one can show that,
for any annulus A on S? (with respect to d) one can construct a test
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function f supported in 2A and such that f|4 = 1 and £ (f) < K where
K is some constant. On the other hand,

1712 > / Pdu = u(A),

so that £ (f) < M| |5 will follow from K < Au(A). Hence, we need
to construct at least N = C~' (S?) X\ annuli A on S? so that 2A4; are
disjoint and

K

p(Ay) > N

Let us emphasize that measure p is defined by the metric g, whereas the
annuli are defined using the distance function of gg.

Let us apply Theorem 2.2 to the metric space (S?, d) with measure p.
Set v =L < C7'Kp(S?). Choosing C' > K, we have v < i (S?) so that

#(&)

Theorem 2.2 can be applied. Hence, we obtain at least c——= = < (S?) A
annuli A with disjoint 2A4; and with

K
M(Ak)ZU:X7

which finishes the proof of (2.3) with C' = £.

C
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3 Upper estimate in R?

3.1 Statement of the result

Consider a tiling of R? into a sequence of annuli {U,},, ., defined by

U, "= {e " < o] <™}, Up={e'<lzl<e}, U,"Z{¥ <|z|<e®}




Given a potential (=a non-negative L} -function) V (x) on R? and

p > 1, define for any n € Z the following quantities:
1/p
A, = /V(m) (1+ |In|z||)dz, B, = / VP (z) |zP®Y da
Un {en<|z|<entl}

(3.1)

The main result of this section is the following theorem.

Theorem 3.1 (AG, N.Nadirashvili, 2012) For any potential V in R?
and for any p > 1, we have

Neg(V)<1+C ) VA, +C Y B, (3.2)
{n€Z:An>c} {n€Z:Bp>c}

where C, ¢ are positive constants depending only on p.

The additive term 1 in (3.2) reflects a special feature of R?: for any
non-zero potential V', there is at least 1 negative eigenvalue of Hy, no
matter how small are the sums in (3.2), as it was shown in the course of
the proof of Theorem 2.1.
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Let us compare (3.2) with previously known upper bounds. A simpler
(and coarser) version of (3.2) is

Neg (V) < 1+c/ V@) (1+el)di+CY B, (33)

D)
R nez

Indeed, if A,, > ¢ then /4, < ¢ /2 A, so that the first sum in (3.2) can
be replaced by >, A, thus yielding (3.3).

The estimate (3.3) was obtained by Solomyak in 1994. In fact, he
proved a better version:

Neg (V) < 1+ C Al + CY B.. (3.4)

neZ

where A denotes the whole sequence {A,}, ., and [|A],  is the weak
['-norm (the Lorentz norm) given by

[All, o =sups#{n: A, > s}.
s>0
Clearly, [|Al[, ., < [|A]l, so that (3.4) is better than (3.3).
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However, (3.4) also follows from (3.2) using an observation that

Al < sups'® > VA, <4[|A]l -

s>0 {An>s}

In particular, we have

Y VA <A A,

{An>c}

so that (3.2) implies (3.4). As we will see below, our estimate (3.2)
provides for certain potentials strictly better results than (3.4).

In the case when V (z) is a radial function, that is, V () = V (|z]),
the following estimate was proved by physicists Chadan, Khuri, Martin,
Wu in 2003:

Neg (V) <1+ /]R2 V (z)(1+ |ln|z||) dz. (3.5)

Although this estimate is better than (3.3), we will see that our main
estimate (3.2) gives for certain potentials strictly better estimates than

(3.5).

53



Another upper estimate for a general potential in R? was obtained by
Molchanov and Vainberg in 2010:

V (z)In (z) dx + C/ V(z)ln (24 V (2) (x)z) dx,

RQ
(3.6)
where () = e+ |z|. However, due to the logarithmic term in the second
integral, this estimate never implies the linear semi-classical asymptotic

Neg(V)SlJrC/

R2

Neg (V) ~ O (a) as a — oo, (3.7)

that is expected to be true for “nice” potentials. Observe that the
Solomyak estimates (3.3) and (3.4) are linear in V' so that they imply
(3.7) whenever the right hand side is finite.

Our estimate (3.2) gives both linear asymptotic (3.7) for “nice” po-
tentials and non-linear asymptotics for some other potentials. Let us
emphasize two main novelties in our estimate (3.2): using the square
root of A, instead of linear expressions, and the restriction of the both
sums in (3.2) to the values A,, > ¢ and B,, > ¢, respectively, which allows
to obtain significantly better results.
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The reason for the terms y/A, in (3.2) can be explained as follows.
Different parts of the potential V' contributes differently to Neg (V). The
high values of V' that are concentrated on relatively small areas, con-
tribute to Neg (V') via the terms B,,, while the low values of V' scattered
over large areas, contribute via the terms A,. Since we integrate V over
annuli, the long range effect of V' becomes similar to that of an one-
dimensional potential. In R! one expects Neg (aV) ~ /a as a — oo
which explains the appearance of the square root in (3.2).

By the way, the following estimate of Neg (V') in R} was proved by
Solomyak:

Neg (V) <1+ C’i Van (3.8)
where -
Ty = /I Vi(x)(1+|z|)dx

and I, = [2"71,2"] if n > 0 and [y = [0,1]. Clearly, the sum Y /a,
here resembles > v/A,, in (3.2), which is not a coincidence. In fact, our
method allows to improve (3.8) by restricting the sum to those n for
which a,, > c.
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Returning to (3.3), one can apply a suitable Holder inequality to
combine the both terms of (3.3) in one as follows. Assume that W (r)
is a positive monotone increasing function on (0, 4o00) that satisfies the
following Dini type condition both at 0 and at co:

S
/ rlrf==dr (3.9)
0o W(r)r1t
Then
1/p
Neg(V)<1+4+C (/ | %4 (x)W(]dex) : (3.10)
R2

where the constant C' depends on p and V. Here is an example of a
weight function W (r) that satisfies (3.9):

W (r) = r?®=D(lnr) = P~ (lnr), (3.11)

where € > 0. In particular, for p = 2, we obtain the following estimate:

1/2
Neg(V)<1+4+C (/R2 V2 (z)|z|” (In |z])® In'**(In |:z:|>dx) . (3.12)
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3.2 Examples

Example 1. Assume that, for all z € R?,

for a small enough positive constant «. Then, for all n € Z,

1 1/P
B, <« </ —Qd:v) ~
{en<lal<ent1} |T]

so that B,, < c¢ and the last sum in (3.2) is void, whence we obtain

Neg(V)<1+C [ V(z)(1+ |ln|z||)dx. (3.13)

R2

The estimate (3.13) in this case follows also from the estimate (3.6) of
Molchanov and Vainberg.
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Example 2. Assume that a potential V' satisfies the following condi-
tion: for some constant K and all n € Z,

sup V<K inf V. (3.14)

{en<|z|<ent1} {en<|z|<entl}

For such potential we have

B, ~ / Vdzx, (3.15)
{en<|z|<entl}

so that (3.3) implies

Neg(V)§1+C’/

]RZ

V (z)(1+ |In|z||) dz + C’/ V (z)dx,

]RZ

where the constant C’ depends also on K. Of course, the second term
here can be absorbed by the first one thus yielding (3.13) with C' = C' (K).

The estimate (3.13) in this case can be obtained from the estimate
(3.5) of Chadan, Khuri, Martin, Wu by comparing V' with a radial po-
tential.
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Example 3. Let
o

T 2P+ m? )

where o > 0 is small enough. Then as in the first example B,, < ¢, while
A,, can be computed as follows: for n > 0

V (x)

2 i

Ang/ - (lnfr’)rdr:oz/ dlnlnr ~ a, (3.16)

an—1 12 1112 r e2n 1

and the same for n < 0, so that A,, < ¢ for all n. Hence, the both sums
in (3.2) are void, and we obtain

Neg (V) = 1.

This result cannot be obtained by any of the previously known es-
timates. Indeed, in the estimates of Chadan, Khuri, Martin, Wu and
of Molchanov, Vainberg one has [, V () (1 + |In|z||) dz = oo, and in
the estimate (3.4) of Solomyak one has [|Al|, ., = co. As will be shown
below, if a > 1/4 then Neg (V') can be co. Hence, Neg (V') exhibits a
non-linear behavior with respect to the parameter «, which cannot be
captured by linear estimates.
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Example 4. Assume that V (z) is locally bounded and
1
V (z) :O(W> as r — 00.
[ In® ]

Similarly to the above computation we see that A, — 0 and B,, — 0 as
n — oo, which implies that the both sums in (3.2) are finite and, hence,

Neg (V) < oc.

This result is also new. Note that in this case the integral [, V (2) (14 [In |z||) dz
may be divergent; moreover, the norm ||A|, . can also be oo as one can
see in the next example.

Example 5. Choose ¢ > 0 and set

V (z) !

|z 02 |z| (lnln |z])?

for |z| > e? (3.17)

and V (z) = 0 for |z] < €*. For n > 2 we have

20 i

€ 1 ¢ dlnlnr 1
A, ~ 1 dr = — —~
/ezn_l r2In®r (Inlnr)? (nr)rdr _/egn—l (Inlnr)? — ng
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and, by (3.15),

en—i—l en—i—l

3 / 1 g / dlnr 1
o B2 rdr = ~
e 7210’7 (Inlnr)? e In*r(Inlnr)?  n?2ln’n

Let a be a large real parameter. Then

A, (@V) = =, (3.18)

n4

and the condition A, (aV) > c is satisfied for n < Ca'/?, whence we
obtain

[Cal/d]
Y VA (@) <Czﬂ/ ~ Cy/a (a¥1) "% = Calla,

{An(aV)>c}
It is clear that ) B, (aV) ~ a. Hence, we obtain from (3.2)
Neg (aV) < C (a4 a) . (3.19)

If ¢ > 1 then the leading term here is ov. Combining this with (2.1), we
obtain
Neg(aV)~a as a — oo.
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If ¢ > 1 then this follows also from (3.5) and (3.4); if ¢ = 1 then only the

estimate (3.4) of Solomyak gives the same result as in this case A, ~ &

and || All; o, < oo.
If ¢ < 1 then the leading term in (3.19) is a'/? so that

Neg (aV) < Cal/?.

As was shown by Birman and Laptev, in this case, indeed, Neg (aV') ~
a'/? as a — oo. Observe that in this case |All, oc = oo, and neither of
the estimates previous estimates (3.3), (3.5), (3.4), (3.6) yields even the
finiteness of Neg (a'V'), leaving alone the correct rate of growth in a.

Example 6. Let V be a potential in R? such that

Y VA (V) +) B, (V) < 0. (3.20)

neZ nez

Applying (3.2) to aV', we obtain

Neg (aV) < 1+C’&1/QZ\/An (V) +ozZBn (V).

nez ne”
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Combining with the lower bound (2.1) and letting o — 0o, we see that

ca/ Vdx < Neg (aV) S&ZBn(V)+O(a),

nez
in particular,

Neg (aV) ~ a as a — oc.

Furthermore, if V' satisfies the condition (3.14) then, using (3.15), we
obtain a more precise estimate

Neg (aV) ~ a/ V (z)dx as a — oo. (3.21)
R2

For example, (3.20) is satisfied for the potential (3.17) of Example 5 with
q > 2, as it follows from (3.18). By a more sophisticated argument, one
can show that (3.21) holds also for ¢ > 1.
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Example 7. Set R = 2" where m is a large integer, choose a > =+
and consider the following potential on R?
o

|z|" In” |z

and V (z) = 0 otherwise. Computing A, as in (3.16) we obtain A, ~ «
for any 1 < n < m, whence it follows that

Z\/i Zr_fm Valnln R.

nez

Also, we obtain by (3.15) B, ~ %, for 1 <n < 2™, whence

~ «
ZB = Z 2 =
nez n=1
By (3.2) we obtain
Neg (V) < Cvalnln R + Ca. (3.22)
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Observe that both (3.4) and (3.5) give in this case a weaker estimate
Neg (V) < Calnln R.

Let us estimate Neg (V') from below. Considering the function

f(z) = +/In|x|sin (\/oz — }Llnln x|)

that satisfies in the region 2 = {e < |z| < R} the differential equation
Af+V (x)f =0, and counting the number N of rings

1
QO = {xER2zﬂk< \/a—11n1n|az| <7T(k+1)}

in (), we obtain
Neg (V) > N ~ valnln R

(assuming that a >> 1). On the other hand, (2.1) yields Neg (V) > cov.
Combining these two estimates, we obtain the lower bound

Neg (V) > ¢ (valnln R+ a),
that matches the upper bound (3.22).
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3.3 The energy form revisited

We consider a somewhat different energy form than in R™, n > 3. For
any open set Q C R?, consider a function space

fm:{feLfoc(ﬁ) :/Q\Vf|2dx<oo, /Qvﬂdx@o}

and the quadratic form on Fyq:

Eval(f) = / IV f| dx — / V f2dx. (3.23)
Q Q
We will use the following quantity:

Neg (V, Q) :=sup{dimV :V < Fyq : Eva (f) <O0forall f € V}.
(3.24)
Clearly, we have Ny (Hy) < Neg(V,R?), but in R? we do not loose much
when we estimate a larger quantity Neg instead of ANjy. (Observe that
Fyge contains f = const and € (f) < 0 so that Neg (V,R?) > 1, but as
we know, Ny (Hy) > 1). Theorem 3.1 contains the estimate of Neg (V) =
Neg (V, R?).
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For bounded domains with smooth boundary, Neg (V,2) is equal to
the number of non-positive eigenvalues of the Neumann problem in €2 for
—A-V,

A useful feature of Neg (V, Q) is subadditivity with respect to Q2. We
say that a sequence {{2;} of open sets (2, C R? is a partition of Q if all
the sets , are disjoint, Q;, C 0, and Q\ |J, ©2x has measure 0.

Q
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Lemma 3.2 If {Q} is a partition of ), then

Neg (V) <) Neg (V, ). (3.25)

The idea of the proof is the same as in the classical Weyl’s argument:
adding additional Neumann boundaries inside {2 increases the space of
test functions and, hence, the number of non-negative eigenvalues.
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3.4 One negative eigenvalue in a disc
Denote by D, the open disk of radius r in R?, that is, D, = {x € R? : |z| < 1},
and set Dy = D.

Lemma 3.3 For any p > 1 there is € > 0 such that, for any potential V'
in D,
IVlzopy < € = Neg(V, D) =1.

Sketch of proof. Since always Neg (V, D) > 1, we need only to
prove that Neg (V, D) < 1. We will prove that if u € Fy p then

ullin L*(D) and Eyp(u) <0 = u=0,

which will imply that Neg (V, D) < 1.
Extend v € Fyp to R? using the inversion ® () = —Z;: for any

|

x & D, set u(x)=u(P(x)). By conformal invariance of energy, we have

/ |Vu|2dx:2/ V| dz < 2/ Vuldr.
R2 D D
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Choose a cutoff function ¢ such that ¢[p, = 1, plp2\p, = 0 and set
u* = up. Then it follows that

/ \Vu*|2dx§C/ Vuldz,
B D

with some absolute constant C'. Since ul1, one uses in the proof the
Poincaré inequality in D in the form |jul|,. < C||Vu|,..
Next, we have by Holder inequality

1/p 2 1-1/p
/ Vuldr < </ Vpdx) (/ |u|»=1 daz) :
D D D

and by Sobolev inequality

. 1-1/p - 1-1/p
(/ || P d:r:) < </ |u*|P—T d:z:) < C/ V| d.
D Dy Dy

Combining the above three lines, we obtain

1/p
/ VP dz < C (/ Vpdx> / Vo Pdz.  (3.26)
Dy D Dy
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Assuming that |[V'[|,py is small enough, we see that (3.26) is only pos-
sible if u* = const . Since uL1 in L? (D), it follows that v = 0. =

Corollary 3.4 Let Q be a domain in R? that is bilipschitz equivalent to
D,. Then

/ VPdr < er* % = Neg (V,Q) = 1. (3.27)
0

where ¢ > 0 depends on p and on the Lipschitz constant of the mapping
between D, and €.

Proof. Indeed, if Q@ = D, then (3.27) follows from Lemma 3.3 by
scaling transformation. For a general ) one shows that Neg (V,Q) <
Neg (CV*, D,) where V* is the pull-back of V' under the bilipschitz map-
ping L : D, — €2 where the constant C' depends on the Lipschitz con-
stant. ®
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3.5 Negative eigenvalues in a square

Denote by @ the unit square in R2.
Lemma 3.5 For any p > 1 and for any potential V' in (@),

Neg (V,Q) <1 +OHV”LP(Q) ; (3:28)
where C' depends only on p.

Proof. It suffices to construct a partition P of () into a family of N
disjoint subsets such that

1. Neg(V,Q) =1 for any Q € P;

2. N <1+C |Vl -

Indeed, if such a partition exists then we obtain by Lemma 3.2

Neg (V,Q) < ) Neg(V,Q) = N, (3.29)
QeP
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and (3.28) follows from the above bound of N.

The elements of a partition will be of two shapes: it is either a square
of the side length 0 < [ < 1 or a step, that is, a set of the form Q2 = A\ B
where A is a square of the side length [, and B is a square of the side
length < 1/2 that is attached to one of corners of A.

<l/2

In the both cases we refer to [ as the size of (). By Corollary 3.4, the
condition 1 for such a set 2 will follow from

/ VPdr < >, (3.30)
Q
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Apart from the shape, we will distinguish also the type of a set ) € P
of size [ as follows: we say that

- Qs of a large type, if

/ VPdx > cl*™?P,
Q

- Qis of a medium type if

PP < / Vedz < cl* %, (3.31)
Q

- and § is of small type if

/ VPde < 127, (3.32)
Q

Here c is the constant from (3.30) and ¢’ € (0, ¢) will be chosen below.
In particular, if € is of small or medium type then Neg (V) = 1.

The construction of the partition P will be done by induction. At
each step i > 1 of induction we will have a partition P® of @ such that
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1. each Q € PW is either a square or a step;

2. If Q € P ig a step then ( is of a medium type.

At step 1 we have just one set: P = {Q}. At any step i > 1,
partition P+ is obtained from P® as follows. If Q € P is small or
medium then Q becomes one of the elements of the partition PO+, If
Q € P is large, then it is a square, and it will be further partitioned
into a few sets that will become elements of PU*+D . Denoting by [ the
side length of the square €2, let us first split {2 into four equal squares
0y, Qs, 03, Qy of side length 1/2 and consider the following cases.

small small

medium
small

Case 1. If among €24, ..., {24 the number of small squares is at most 2,
then all sets Qq, ..., 4 become elements of P+,
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Case 2. If among €24, ..., there are exactly 3 small squares, say,
9,3, Qy, then we have

l 2—2p
/ VPdx = / VPdx < 3¢ (—) = 3222 < PP,
Q\Ql QoUN3UN, 2

where we choose ¢ to satisfy 3¢’2?P=2 < ¢. On the other hand, we have
/ VPdz > cl*>~?,
Q

Therefore, by reducing the size of Q; (but keeping €2; attached to the
corner of €2) one can achieve the equality

/ VPdx = cl*>~?P,
O\

Hence, we obtain a partition of €2 into two sets (2, and (2 \ 1, where the
step Q \ € is of medium type, while the square {2; can be of any type.
Both ©; and Q \ ©; become elements of Ppltl),
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Case 3. Let us show that all 4 squares €24, ..., )4 cannot be small.
Indeed, in this case we would have

1 22
l p
/ VPdx = E / VPdx < 4¢ (—) = (4d2P7%) 1>~
& k=1 Y% 2

Let us choose ¢ so small that 4¢2?P~2 < ¢. Then the above estimate
contradicts the assumption that €2 is of large type.

As we see from construction, at each step i only large squares get
partitioned further, and the size of the large type squares in P+ reduces
at least by a factor 2. If the size of a square is small enough then it is
necessarily of small type, because the right hand side of (3.32) goes to
oo as | — 0. Hence, the process will stop after finitely many steps. After
sufficiently many steps we obtain a partition P where all the elements are
either of small or medium types. In particular, we have Neg (V) = 1
for any 2 € P.
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Let N be a number of elements of P. We need to show that
N<1+C HVHLP(Q) ) (3.33)

At each step of construction, denote by L the number of large elements,
by M the number of medium elements, and by S the number of small
elements. Let us show that the quantity 2L + 3M — S is non-decreasing
during the construction. Indeed, at each step we split one large square
(2, so that by removing this square, L decreases by 1. However, we add
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new elements of partitions, which contribute to the quantity 2L +3M — S
as follows.

1. If Q is split into s < 2 small and 4 — s medium/large squares as in
Case 1, then the value of 2L + 3M — S has the increment at least

—242(4—-5)—s=6—-3s5s>0.

2. If € is split into 1 square and 1 step as in Case 2, then one obtains
at least 1 medium set and at most 1 small, so that 2L + 3M — S
has the increment at least

—2+3—1=0.

(Luckily, Case 3 cannot occur. In that case, we would have 4 new
small squares so that L and M would not have increased, whereas S
would have increased at least by 3, so that no quantity of the type C; L+
CyoM — S would have been monotone increasing).

Since for the partition P™") we have 2L +3M — S > —1, this inequal-
ity will remain true at all steps of construction and, in particular, it is
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satisfied for the final partition P. For the final partition we have L = 0,
whence it follows that S < 1+ 3M and, hence,

N=S+M<1+4M. (3.34)

Let us estimate M. Let €4, ...,Q2); be the medium type elements of
P and let [;, be the size of 2,. Each Qk contains a square ) C €, of the
size Iy/2, and all the squares {Q }1" | are disjoint, which 1mphes that

Z 2 <4 (3.35)
k=1

Using the Hoélder inequality and (3.35), we obtain

9 M 1/p M 2p 1/p M 1/p
-yt < (ye) (ouf) cor(xav)
k=1 k=1 k=1

Since by (3.31) ¢, < [, V*dz, it follows that

M<(J<Z/Q Vpdg;) <c(/@vpdx)l/p.
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Combining this with N <1+ 4M, we obtain N <1+ C'||[V|; ), thus
finishing the proof. =

Corollary 3.6 Let Q be a domain in R? that is bilipschitz equivalent to
D. Then

1/p
Neg (V,Q) <1+C (/ Vpda:) :
Q

where C' > 0 depends on p and on the Lipschitz constant of the mapping
between D and ).
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3.6 One negative eigenvalue in R?

Now we would like to obtain conditions for Neg (V,R?) = 1 in terms of
some weighted L'-norms. The method that we have used in the case
n > 3 (Proposition 1.3) was based on the operator £y = —+A and
estimating of ||£3'|| in L? (R", Vdz).

The hidden reason why it was possible is the existence of the positive

Green function ¢ (x,y) = lx_Z"”‘n_Q of —A. In fact, the operator E‘_/l is
given by
Lo'f= | gy f)V(y)dy.
Rn

The application of the Sobolev in the proof of Proposition 1.3 can be
replaced by a direct estimate of the norm of this integral operator in
L? (R",Vdz) . In fact, the classical proof of the Sobolev inequality uses
this approach.

One of the difficulties in R? is the absence of a positive Green function
of the Laplace operator. To overcome this difficulty, we introduce an
auxiliary potential V5 € C§° (R?), such that Vy # 0 and Vy > 0.

82



Lemma 3.7 (AG, 2006) Operator Hy = —A + Vi has a positive Green
function g (x,y) that admits the following estimate

g(z,y) ~In(z) ANl (y) + Iny ]x—iy|’ (3.36)

where (x) := e+ |z| and A means min .
By Lemma 3.3 there exists 1 such that Neg (Vp, R?) = 1. Fix such
Vo and, hence, the Green function g (x,y) of Hy for what follows.

For a given potential V', define as measure v by dv = Vdz and con-
sider the integral operator Gy defined by

Grt(2) = [ o) £ ) dv (s)

Denote by |Gy || the norm of Gy in the space L? (R?,v).
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Lemma 3.8 If |Gy|| < 1 then Neg (V,R?) = 1.

Sketch of the proof. The idea is that the operator Gy is the
inverse of the operator +Hy in L? (v) so that ||Gy|| < 5 implies that the
spectrum of = Hy is confined in [2, c0). This implies that Hy > 2V in the
sense of quadratic forms, that is,

|Vu|2d::r;—|—/ Vouldx > 2/ Vuldx
R2 R2 R2
for all u € Fy. If V is a subspace of Fy where &, < 0 then for any v € V
Vu|* dz < / Vuidr.
RQ ]RQ
Combining the two lines, we obtain

/|Vu|2dx§/ Vou?dz,
R2 R2

that is, &y, (u) < 0. Taking sup dim V we obtain
Neg (V, RQ) < Neg (VO,RQ) = L.
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The next step is estimating the norm ||Gy|| in terms of V. Since
g (x,y) is symmetric in x,y, we have a simple estimate

IGv |l < sup / (5, 0) i ()
Yy R2

which together with Lemma 3.7 leads to

IGv|| < C | In(z)dv (x)—l—C'sup/ In, dv (z) .
R2 R2

yeR2 |x - y‘

However, |Gy || admits a better estimate, as will be explained below.
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3.7 Transformation to a strip

It will be more convenient to estimate first Neg (V,.S) where S is a strip
in R? defined by

S:{(xl,x2)€R2:x1€R, O<x2<7r}.

The strip S is the image of Ri under the conformal mapping z + In z:

RZ

Inz m

v
v

Let v (x,y) be the push-forward of the Green function g (x,y) under
this mapping, that is,
v (@,y) = g(e €”).
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Using the estimate (3.37) of g, it is possible to show that

v (@,y) < C(z1) A(y1) + Clny P— (3.37)
For example, x; arises from In |e?| = In |1 T%2| = In e*! = x;.
Consider also the corresponding integral operator
Pof (@) = [ (@) £ ) dv o). (3.39)

where measure v is defined as above by dv =V (x) dz. Denote by ||[I'y ||
the norm of I'y in L? (S, v). Lemma 3.8 implies the following.

Lemma 3.9 |[I'y| < : = Neg(V,5) =1.

The main point in the proof is that the holomorphic mappings are
conformal and, hence, preserve the Dirichlet integral.
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3.8 Estimating ||['y||

For any n € Z set
Qn=5SN{n<z <n+1},
S =5Sn {_anl <z < —2|”|—1} for n < 0,
So=SN{-1<xz <1},
S,=5Sn{2"! <z <2"} forn >0,

Ss3 S S S S S

] Qz Q1 QO%Ql Q>

(3.40)



Lemma 3.10 The operator I'yy admits the following norm estimate in
L?*(S,v):
ITv]| < Csupay, (V) + Csupb, (V). (3.41)

nez nez

Approach to the proof. Note that by (3.37)

Tvf (@) < C/S(H\fcllAlyll)\f(y)\V(y)dy

1
+0 [ = OV Wl G4

The second integral operator can be estimated by the Holder inequality:

1 1y
Jme———vwa < (] @u ) dy
S |z — 9| B(z,1) |z — 9|
1/p
( / VP (y) dy) :
B(z,1)NS

The first integral here is equal to a finite constant depending only on p,
but independent of x. The second integral is bounded by C'sup,, b, (V).
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It is much more subtle to estimate the norm of the first integral
operator in (3.42) via C'sup,,cz a, (V). This problem is reduced to an
one dimensional problem by integrating in the direction z5. Then we

apply a certain weighted Hardy inequality. We skip the details as the
argument is quite lengthy. =

Corollary 3.11 There is a constant ¢ > 0 such that

supa, (V) <c and supb,(V)<c = Neg(V,5)=1.

n

Proof. Assuming that the constant ¢ here is small enough, we obtain
from (3.41) that ||T'v|| < g, whence by Lemma 3.9 Neg (V,5) =1. =
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3.9 Rectangles

For all a € [—00,+00), B € (—00,+00] such that a < 3, denote by P, g
the rectangle

Pa”g:{(xl,xg)ERQ: Oé<£L’1<6, 0<ZC2<7T}.
Note that P, 3 C S.

Lemma 3.12 For any potential V' in a rectangle P, g with the length
06 —a>1, we have

Neg (V, P.s) < Neg (17V,S),
where V' is extended to S by setting V = 0 outside P, g.

Sketch of the proof. It suffices to show that any function v € Fy p
can be extended to Fy g so that

/|Vu\2dx < 17/ V| dz. (3.43)
s P
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Attach to P from each side one rectangle, say P’ from the left and P”
from the right, each having the length 4 (3 — «) (to ensure that the latter
is > 7). Extend function u to P’ by applying four times symmetries in
the vertical sides, so that

\Vu|* dz = 4/ V| dz.
P! P

X2A
X - P’ P P °
K — P} eX
_________ e i

Then slightly reduce P’ by taking intersections with the circle of radii
B — « centered at (a,0). Now we extend u from P’ to the left by using
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the inversion ®’ at the point («,0) in the aforementioned circle. By the
conformal invariance of the Dirichlet integral, we have

/ IVu|* < 8/ V| dz.
Sn{z1 <o} P

Extending u in the same way to the right of P, we obtain (3.43). =

3.10 Sparse potentials

We say that a potential V' in S is sparse if

sup b, (V') < co,

where ¢y is a small enough positive constant, depending only on p. It
follows from Corollary 3.11 that, for a sparse potential,

supa, (V) <c¢ = Neg(V,95) = 1.

n
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Corollary 3.13 Let V' be a sparse potential in P, 3 where § — o > 1.
Then

(8- a) /P V(2)dz <c = Neg(V,Pag)=1. (3.44)

a,B

Proof. Take @ = 0 so that § > 1. Let m be a non-negative integer
such that 2m~1 < g < 2™,

A
X2 PO,B
- |
S S V 1 Sh S
I
I
-101 ot N ot B 2" >><1

Then a, (V) =0for n <0 and forn>m+ 1. For 0 <n <m
an (V) < 271 / V(@) de < 27 / Vi) ds <49 (| viw)da

n PO,B POMB

(3.45)
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so that a, (17V) are small enough for all n € Z. By Corollary 3.11
Neg (17V,S) =1, and by Lemma 3.12 Neg (V, Py 3) =1. m

Lemma 3.14 Let V' be a sparse potential in P, 3 where 3—oa > 1. Then

1/2
Neg (V, Pop) <1+C <(ﬁ —a) /P V (z) da:) . (3.46)

In particular, for a sparse potential in S,

Neg (V,S,) <14+ C+v/a, (V). (3.47)

Proof. Without loss of generality set a = 0. Set also

J:/ V (z)dx
PO,B

and recall that, by Corollary 3.13, if 8J < ¢ for sufficiently small ¢ then
Neg (V, Py 3) = 1. Hence, in this case (3.46) is trivially satisfied, and we
assume in the sequel that 5J > c.
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Due to Lemma 3.12, it suffices to prove that
Neg (V. S) < C (8J)"/.
Consider a sequence of reals {r;},_, such that
O=rg<rm<..<ryn1<B<ryn
and the corresponding sequence of rectangles

Rk =P

Tk—1,Tk

= {(1131a332)17“k_1 <x1 <rg, 0<my <7r}

where £ =1, ..., N, that covers Fp 3.
Denote I, = ri, — rp_1 and J;, = ka V (x)dx. By Corollary 3.13,

Iy >1and lJy <c = Neg(V,Ry) =1 (3.48)

Let us construct the sequence {7 }1_ to satisfy (3.48) forall k = 1,..., N.
If r,_q is already defined and rp_; < 3 then choose r, > r,_; to satisfy
the identity

lka = C. (349)
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X2 PO’B
O | R
Ri | R ... R« e Ry S

b
0=ro rs r M1 Mk I'nt B 'n X1

If such 7}, does not exist then set r, = 41, in this case, we have [;,.J,. < c.
Let us show that in the both cases I, = r, — r,—1 > 1. Indeed, if [, < 1
then 7, < B+ 1 so that (3.49) is satisfied. By Hélder inequality, (3.49)
and [, < 1, we obtain

1/p 1 c c
(/ Vpdx> 2—1/// Vdr = 1/p > 1/p?
Ry, (Wlk) & Ry, (Wlk) p lk /P

which contradicts the assumption that V is sparse. Hence, [, > 1.
As soon as we reach r, > (3 we stop the process and set N = k. Since
always [, > 1, the process will indeed stop in a finite number of steps.
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We obtain a partition of S into /N rectangles Ry, ..., Ry and two half-
strips: SN {z; <0} and SN {z; > ry}, and in the both half-strips we
have V = 0. In each R}, we have Neg (V, R;) = 1 whence it follows that

N
Neg (V,9) §2+ZNeg(V,Rk) =N +2.
k=1

Let us estimate N from above. In each Ry with £ < N — 1 we have by
(3.49) 5 = ¢lj. Therefore, we have

T c

N1 ) N1 12 /N 1/2
N-1=) — <[=M"1 < (15\Y2 ji/2.
s (ize) (Z4) e

Using also 3 < 3 (%6(])1/2, we obtain N +2 <4 (%Bj)l/Q, which finishes
the proof of (3.46).

The estimate (3.47) follows trivially from (3.46) and (3.39) as .S, is a
rectangle P, 3 with the length 1 < 3 — o < 2P+l =
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Proposition 3.15 For any sparse potential in the strip S,

Neg(V,S)<1+C Y Va,(V), (3.50)

{n:an(V)>c}

for some constant C,c > 0 depending only on p.

Proof. Let us enumerate in the increasing order those values n where
a, (V) > c. So, we obtain an increasing sequence {n;}, finite or infinite,
such that a,, (V) > c for any index 4. The difference S\ |, S, can be
partitions into a sequence {7} of rectangles, where each rectangle T;
either fills the gap in S’ between successive rectangles .S,,, or T; may be a
half-strip that fills the gap between S,,, and +o00 or —oo.

(n

31i -I-J S1i+l

X1
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By construction, each T} is a union of some rectangles Sy, with a; (V') <
c. It follows from Corollary 3.11 that Neg (V,7;) = 1. Since by construc-
tion

#{T;} <1+ #{S.},
it follows that

Neg (V,5) < ) Neg(V,T;)+ > Neg(V,S,,)
< 1+#{Sw}+ > Neg(V,5y)

< 1—|—22Neg(V,Sni).

In each S,,, we have by (3.47) and a,, (V) > ¢ that

Neg (V, S,,) < Cy/ay, (

Substituting into the previous estimate, we obtain (3.50). =
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3.11 Arbitrary potentials in a strip
We use notation a, (V') and b, (V') defined by (3.39) and (3.40).

Theorem 3.16 For any p > 1 and for any potential V' in the strip S,
we have

Neg(V,S)<1+C Y Va,(V)+C > b (V), (351)

{n€Z:an(V)>c} {n€Z:by,(V)>c}

where the positive constants C,c depend only on p.

Proof. Let {n;} be a sequence of all n € Z for which b, (V) > c.
Let {T;} be rectangles that fill the gaps in S between successive @), or
between (),,, and £oo.

Qni TJ Qni+ 1

X1
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If the sequence {n;} is empty then V is sparse, and (3.51) follows
from Proposition 3.15. Assume that {n;} is non-empty.

Consider the potentials V' = V1, and V" = V1, . Since V =
V' + V", we have

Neg (V,S) < Neg (2V',S) 4+ Neg (2V", 5).

The potential 2V is sparse by construction, whence by Proposition 3.15

Neg (2V/,8) <14+C > Va, (V). (3.52)

{n:an(V")>c}

By Lemma 3.2 and Lemma 3.5, we obtain

Neg (2V",8) < > Neg(2V",T;)+ Y Neg(2V",Qy,)
7 @

= #{T}+ 3 (1 012V n(q,,))
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By construction we have # {71;} <14 #{Q,,} . By the choice of n;, we
have 1 < ¢ 'b,, (V) , whence

#AT}+#{Qn} < 142#{Qn} < 1427 by, (V) <3¢ by, (V

Combining these estimates together, we obtain

Neg (2V", S <C’me — > b (V) (3.53)
{n:bn(V)>c}
Adding up (3.52) and (3.53) yields
Neg(V,S)<1+C > Va, (V)+C Y b (V). (354

{n:an(V")>c} {n:b, (V)>c}

Since V' <V, (3.54) implies (3.51), which finishes the proof. m

Remark. In fact, we have proved a slightly better inequality (3.54) than
(3.51).
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3.12 Proof of Theorem 3.1

Let us prove the main Theorem 3.1, that is, for any potential V in R2,

Neg(V)<1+C > /A, +C > B, (3.55)

{n€Z:Ap>c} {n€Z:B,>c}

A, (V):/ V(z)(1+|In|z||)dz, B, (V)= </an($) |z |2PY) dac)l/p,

n

{2 < |z| < €}, n>1,
U,=<{ {e!<|z| <e}, n =0,
{e ™ < |z| < e}, n< -1,

and
W, ={e" <|z] <e"*'}.
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Consider an open set Q = R?*\ L where L = { 2y > 0,25 =0} and

the mapping ¥ : ) — S where W (2)

XA

— ln z and

gz{(yl,y2)€R2i O<y2<2ﬂ'}.
| %

Z nz

( )= o
Ren n+1 -
_J S Qn

W, >
(Z) ez 0 n ntl y;

_ Using the inverse mapping ¢ = U1 define a potential V on S by
V(y) =V (®(y))|Js (y)| where Jg is the Jacobian of ®. It is possible to

prove that

Neg (V;R?) < Neg (V,Q)
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Since the strips S and S are bilipschitz equivalent, Theorem 3.16
holds also for S, that is,

Neg(V,S) <1+C > a,+C > by, (3.57)
{n:an>c} {n:b, (V)>c}
where
_ _ 1/p
w= [ WV @dr b= ([ i)
and
Since Jy = %, we obtain, using the change y = U (x),

|z

B = / Vp@)dy:/ VP (2) |7 (9)° | (2)] de
_ / VP (2) | Jy (@)1 da

n

= / VP (z) |2** dz = BP.

n
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Similarly, computing a,, and observing that
y1 = ReV (z) = Relnz =In|z],

we obtain

n = /V(y)(lﬂ?ﬂl)dy:/U V() |Je (y)| (1 + [n[z]]) [Je ()| dz
= / V(z) (14 |In|z||) dx = A,.

Combining together (3.56), (3.57), we obtain (3.55).
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